Suggested from the charged lepton mass formula m e +m µ +m τ =
Introduction
It is widely accepted that quarks and leptons are fundamental entities of the matter. If it is true, the masses and mixings of the quarks and leptons will obey a simple law of nature, and we will be able to find a beautiful relation among those values. If we can find such a relation, it will make a breakthrough in the unified understanding of the quarks and leptons. We think that such a simple mass relation should be found in the charged lepton sector if there is, because, at present, the observed quark and neutrino mass values do not have sufficient precision for discussing a rigorous relation of the masses.
As one of such phenomenological mass relations, the following charged lepton mass formula [1, 2, 3] 
has been known. The formula (1.1) predicts the tau lepton mass value m τ = 1776.97 MeV, (
2)
The charged lepton mass formula (1.1) has the following peculiar features: (a) The mass formula is described in terms of the root squared masse √ m ei .
(b) The mass formula is invariant under the exchanges √ m ei ↔ √ m ej .
(c) The formula gives a relation between mass ratios m e /m µ and m µ /m τ , whose behaviors under the renormalization group equation (RGE) effects are different from each other. Therefore, the formula (1.1) is not invariant under the RGE effects. The formula is well satisfied at a low energy scale rather than at a high energy scale. These features of the formula (1.1) suggest the following guidelines for a model-building: Suggestion (A): The feature (a) suggests that the charged lepton mass spectrum is not originated in the Yukawa coupling structure at the tree level, but it is given by a bilinear form on the basis of some mass-generation mechanism. For example, in Refs. [1, 2] , a radiative-massgeneration-like mechanism has been assumed: (M e ) ij = m 0 k G ik G * jk , where G ij are coupling constants of the interactions e i E j φ, and E j are hypothetical heavy charged leptons. On the other hand, in Refs. [3, 10, 11, 12] , a seesaw-like mechanism [13] has been assumed:
In any cases, we need hypothetical heavy charged leptons E.
Suggestion (B): The feature (b) suggests that the theory is invariant under a permutation symmetry S 3 . Usually, the S 3 symmetry is required for the Yukawa coupling constants. Then, we obtain the so-called democratic mass matrix [14] . For example, an explanation of (1.1) based on such a democratic mass matrix has been given in Ref. [15] . However, in the present paper, we will adopt another idea, where what is essential is not a structure of the Yukawa coupling constants, but a structure of the vacuum expectation values (VEVs) of flavor-triplet (3-family) Higgs scalars [3, 11, 12] . In the model, the VEVs v i satisfies the relation
(The derivation of the formula (1.1) on the basis of this idea has first been tried in Ref. [3] . However, the model was based not on the S 3 symmetry, but on a U(3) symmetry. A model based on the S 3 symmetry has been investigated in Ref. [12] .) In the next section, we will give a short review of the derivation of the relation (1.3) . Suggestion (C): The feature (c) suggests that the mechanism which leads to the relation (1.1) must work at a low energy scale. In the conventional model, the mass matrix structure is due to the Yukawa coupling structure, which is given at a unification energy scale µ = M GU T . The mass spectrum at a low energy scale must be evaluated by taking the RGE effects into consideration. Against such the conventional models, the idea that mass spectrum is due to the VEV structure of Higgs scalars at a low energy scale is very attractive as an explanation of the non-RGE-invariant mass formula (1.1) .
Suggested by such features, in the present paper, we will propose a seesaw mass-generation of the quarks and leptons by introducing heavy fermions 5 ′ Li + 10 (5) in addition to the conventional quarks and leptons5 Li + 10 Li as shown in Fig. 1 . Here, we assume that the VEVs of the flavor-triplet Higgs scalars 5 Hi +5 Hi + 1 Hi have the same structures which satisfy the relations (1.3) .
In the present paper, we focus our concentration on a problem of the lepton mass matrices.
The purposes of the present paper are to give a model which leads to the charged lepton mass relation (1.1) at the low energy scale µ ∼ 10 2 GeV (Sec. 3) and to discuss a possible neutrino mass matrix M ν in such the model (Sec. 4). In addition, in Sec. 5, we will discuss a possible scenario of quark mass matrices in a framework of the present model.
S 3 symmetry and VEV of flavor-triplet scalars
Prior to describing the present model in details, we would like to give a short review of the relation (1.3) . The basic idea is as follows [3, 11, 12] : We consider the following S 3 invariant Higgs potential
where
, and
( 2.2)
The conditions for the VEVs v i ≡ φ 0 i at which the potential (2.1) takes the minimum are
3)
so that we obtain
Therefore, from the relation 6) we obtain
Thus, we obtain the relation (1.3). We consider that the relation (2.7) (i.e. (1.3)) holds at the SU(2) L symmetry breaking energy scale M W .
However, note that the Higgs potential given in Eq. (2.1) is not a completely general form under the S 3 symmetry. In Refs. [11, 12] , further S 3 invariant terms, which lead to the same conclusion (1.3), have been introduced, but the modified S 3 -invariant Higgs potential is still not completely general one. For a completely general form of the S 3 -invariant Higgs potential, we can obtain a similar relation to Eq. (1.3), but the factor 2/3 will be replaced with a free parameter k:
In order to give the realistic spectrum of v i , a specific form of the S 3 invariant potential and its symmetry breaking term will be required.
In the present paper, we will read φ as scalars5 H , 5 H and 1 H , respectively, as we state in the next section.
Model
According to the guiding principles (A), (B) and (C) suggested in Sec. 1 and to the idea reviewed in Sec. 2, in this section, let us try to build a model which gives the formula (1.1) reasonably. For convenience, we use notations and conventions in an SU (5) GUT model, but we do not consider the GUT model, because there are many particles in the model, so that the unification of the gauge coupling constants is badly spoiled.
In the present model, we have the following fermions and Higgs scalars: 
Here and hereafter, for convenience, we denote interaction terms as if those are superfields, but we do not consider a SUSY model in the present. In other words, we assume the absence of the supersymmetric partners of the fields (3.1) at a low energy scale, because if we take those SUSY partners into consideration at a low energy scale, the SU(3) color force cannot become asymptotically free.
Our essential assumption is as follows: the Higgs potentials for the scalars 5 H ,5 H and 1 H with the same Z 2 charges are given by the form (2.1), and the ratios µ 2 (H)/(2λ 1 (H) + λ 2 (H)) take the same value for H =5 H , 5 H and 1 H . This suggests that the scalars (5 H + 5 H + 1 H ) will belong to a same multiplet in a higher flavor symmetry. (However, in the present paper, we will not go into the investigation of such a higher symmetry.) As a result, the VEVs of the scalars 5 H ,5 H and 1 H take the same structures of the VEVs 2) where z i are normalized as z 2 1 + z 2 2 + z 2 3 = 1 and they satisfy the relation (1.3), i.e.
On the other hand, we assume that the couplings of those Higgs scalars with fermions are structure-less:
For convenience, hereafter, we denote the fermion mass terms
where we have denoted the heavy fermions as 10
. (Note thatŪ L is not the Hermitian conjugate of U L , and so on.) Then, from the seesaw diagrams shown in Fig. 1 , we obtain the following quark and lepton mass matrices:
Here, we have supposed Thus, when we consider that the heavy fermion mass matrix µ E 10 is also structure-less [i.e. (µ E 10 ) ij = µ 10 δ ij , we can obtain the mass relation (1.1) for the charged leptons from the charged lepton mass matrix 11) and the relation (3.3). Hereafter, for numerical estimates of the other quark and lepton mass matrices, we will use the values of z i : 12) i.e. z 1 = 0.016473, z 2 = 0.23678 and z 3 = 0.97140.
Neutrino mass matrix
In the expression (3.9) of the neutrino mass matrix M ν , we have already assumed that the heavy fermion mass terms µ 1 1 ′ L 1 ′ L are sufficiently large to be neglected compared with the contribution of 1 ′ H . We consider the observed peculiar structure of the neutrino mass matrix comes from the interactions among the heavy particles, 1 ′ L 1 ′ L 1 ′ H . In the present model, it is assumed that all terms in the Lagrangian are S 3 -invariant, although we put further constraints in addition to the S 3 symmetry. Therefore, for economy of the parameters, we assume the following simple S 3 -invariant form for the interactions 1 .9), we obtain the neutrino mass matrix 2) where
. In order to obtain a nearly bimaximal mixing, we must be take z 2 S 2 ≃ z 3 S 3 .
The parameters S i are free from the values z i , because the VEVs 1 ′ H have extremely different values from the VEVs of (5 H + 5 H + 1 H ). However, from an economical point of view of the parameters, we interest in a case that the parameters S i also satisfy the relation (1.3) as well as z i . Therefore, we assume
Since the energy scales of 1 ′ H and 1 H are different from each other (i.e. 1 ′ H ∼ 10 14 GeV and 1 H ∼ 10 2 GeV), we do not consider that the relation (4.3) is exact at a low energy scale.
At present, we do not know the origin of such the inversion 2 ↔ 3, and it is a pure phenomenological assumption. Although we can obtain favorable predictions of the neutrino masses and mixings for the trial choice (4.3) as we show below, we can also obtain favorable results for suitable parameter values of (S 1 , S 2 , S 3 ) without the assumption (4.3). The choice (4.3) is merely one of the successful parameter values S i . The relation (4.3) is not an essential assumption in the present model.
For the trial choice (4.3), we find the following numerical results: 
tan 2 θ 12 = 0.54, (4.8) which are in good agreement with the present observed best-fit values [16, 17] R ≃ (7.9 × 10 −5 )/(2.8 × 10 −3 ) = 0.029, sin 2 2θ atm = 1.0 and tan 2 θ solar = 0.40
−0.07 . It is worth noticing because we do not have any free parameter in the neutrino sector after we put the relation (4.3).
Of course, if we take slight deviations from the assumption (4.3), we can obtain more excellent agreements with the observed values. Thus, at least, we can say that we are going in the right direction.
If we put m ν3 = ∆m 2 atm = 0.53 eV, then we obtain m ν1 = 0.039 eV, m ν2 = 0.088 eV, m ν3 = 0.53 eV. (4.9) The predicted value m ν1 = 0.039 eV is within a testable reach in near future neutrinoless double beta decay experiments.
Quark mass matrices
The purposes of the present paper are to give a model which leads to the charged lepton mass relation (1.1) at the low energy scale µ ∼ 10 2 GeV and to discuss a possible neutrino mass matrix M ν in such the model. In the present section, however, we would like to mention that realistic quark mass matrices is also possible in a framework of the present model.
In order to obtain realistic quark mass matrices, We must consider that the quark sectors in the heavy fermion mass terms (3.5) have some structures differently from the lepton sector µ E 10 , although we still want to assume the S 3 -invariance for those. Therefore, we assume the fermion mass matrices µ F 10 (F = Q, U ) are given by the following S 3 -invariant form (µ 2) where the SU(5) symmetry breaking terms which are characterized by the parameters b F are, for the time being, introduced by hand. The quark mass matrices M u and M d with the forms (5.1) have already investigated in Ref. [18] as the so-called "democratic universal seesaw mass matrix model", where it has been found that the values b u = −1/3 and b d = −e iβ (β ≃ 20 • ) can give reasonable quark masses and the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix parameters. In the present model, the parameters (b d , b u ) in Ref. [18] correspond to (b Q , b U ), so that we take
As pointed out in Ref. [18] , for the choice b U = −1/3, there is no inverse matrix of µ U 10 (i.e. det(µ U 10 ) = 0), so that one of the up-quark masses has a mass of the order of v u , and we identify it as the top quark mass. Another prediction from b U = −1/3 is [19, 18] 
The present model is based on a multi-Higgs model, because our Higgs scalars 5 H and5 H are flavor-triplets. In general, such a model leads to a serious trouble, i.e. the flavor-changing neutral current (FCNC) problem. Although our Higgs scalars 5 H and5 H couple to the quarks and leptons not directly, but via 10 ′ L5 L5H and 10 ′ L 10 L 5 H , the FCNC problem is still serious. The FCNC problem in the present model has substantially been investigated in Ref. [11] by Tanimoto and the author (also see Ref. [12] ). They have concluded that it is possible to make the FCNC effects practically invisible. (Roughly speaking, in the present model, the FCNC effects appear via intermediate states of the heavy fermions 10 ′ L 10 ′ L with the order of 10 4 GeV, so that the effects are invisibly small.)
The present model is based on neither GUT nor SUSY. If we want to extend the present idea to GUT model, we must seek for a model without flavor-triplet 5 H +5 H in order to avoid spoiling of the gauge-coupling unification. For example, if we introduce additional fermions 5 ′ L + 10 Fig. 2 , we can obtain a seesaw mass
3) without flavor-triplet 5 H +5 H , so that we can avoid the FCNC problem. We may introduce further fermions in order that those additional fermions are decoupled at the low energy scale. However, the model given in Fig. 2 causes another trouble, because the neutrinos in5 L acquire large Dirac masses by the term 5 ′ L5 L 1 H , so that the model cannot explain tiny masses of the neutrinos even if we assume additional heavy fermions5 ′ L + 5 ′ L + 10 ′ L + 10 ′ L . However, in the present paper, from the feature (c) of the mass formula (1.1), we have adhered to the idea that the energy scale of 1 H is of the order of 10 2 GeV (or less). If we consider that 1 H > 10 10 GeV, we can easily build a model without flavor-triplet5 H + 5 H (e.g. Ref. [9] ). Although, at present, we have not succeeded in finding a model with 1 H ∼ 10 2 GeV and without flavortriplet5 H + 5 H , such a model is still attractive to us as a unified quark and lepton model, and it will be worthwhile to continue investigating such a model. 
